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Abstract: We investigate the relation between the spectral sets (i. e., the sets of eigen-
values, disregarding multiplicities) of two d-dimensional networks popular in parallel
computing: the Cube-Connected Cycles network CCC(d) and the Shuffle-Exchange
network SE(d). We completely characterize their spectral sets. Additionally, it turns
out that for any odd d, the SE(d)-eigenvalues set is precisely the same as the CCC(d)-
eigenvalues set. For any even d, however, the SE(d)-eigenvalues form a proper subset
of the set of CCC(d)-eigenvalues.

1 Introduction

Background. Popular Hypercubic networks used as parallel machines are the Butterfly
network, the Cube-Connected Cycles network, the Shuffle-Exchange network and the De-
Bruijn network. For a collection of their properties and many algorithms for them, see,
e. g., [Lei92]. In particular, these constant-degree networks are able to execute so-called
normal hypercube algorithms with only constant slowdown if compared to the execution
time on the hypercube which has non-constant degree ([Lei92]).

Among the characteristic parameters of networks, the eigenvalues of their adjacency ma-
trices are very important (e. g., see [CDS95, Chu97, BK05] for comprehensive studies).
They reflect many structural properties of the network. For instance, from the eigenvalues
it can immediately be decided whether the network is bipartite (see Proposition 4 below).
Expansion properties, bisection problems, the mixing time of Markov chains and the com-
putation of the isoperimetric number [DT98, Biil97] are fields of application of eigenvalues
in algorithmic graph theory.

In the area of parallel computing, there is a direct connection between the eigenvalues
and the routing number [ACG94]. Further applications can be found in the analysis of
parallel load-balancing algorithms [RSWO98] and in the design of interconnection net-
works [EKMO3].

The set of eigenvalues is called the spectral set. In the spectrum of a graph, additionally the
multiplicities of the eigenvalues are considered. For formal definitions, see Subsec. 2.2.
Previously, only the full spectral sets of the DeBruijn network [DT98] and the two variants
of the Butterfly network [EKMO3, Sch01] have been known.
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New results. In this paper, we exactly characterize the spectral sets of the Cube-Con-
nected Cycles CCC(d) and the Shuffle-Exchange network SE(d) in terms of the spectra
of cycles with self-loops that have weights from {—1, 41} (see Theorems 1 and 2).

It turns out (see Theorem 3) that for any odd d the ser of the SE(d)-eigenvalues is precisely
the same as the ser of the CCC(d)-eigenvalues. For any even d, however, the SE(d)-
eigenvalues form a proper subset of the set of CCC(d)-eigenvalues. The odd case is
particularly remarkable because the networks differ in the number of vertices by a factor
of d, and hence, the eigenvalues have different multiplicities. Also, there is no obvious way
of identifying the eigenvalues bijectively. In fact, corresponding eigenvalues can only be
found on scattered cycles of the networks, and a new argument on the involved eigenspaces
is necessary in order to find all CCC(d)-eigenvalues in the eigenvalue set of SE(d), if d is
odd. For an instructive (counter-)example for d = 6, see Sec. 6.

If d is even, —3 that is an eigenvalue of CCC(d) is not an eigenvalue of SE(d). In fact,
when d becomes larger, the size of the difference set increases. Let Ay = [SpS(CCC(d))\
SpS(SE(d))| denote the number of eigenvalues of CCC(d) that are not eigenvalues of
SE(d). In terms of A, the result of this paper can be stated as: if d is odd, A; = 0, and
Ay > 1,if d is even. Explicit computation shows for even d, d < 20:

d| 4 6 8 10 12 14 16 18 20
Ag] 1 3 1 9 7 42 21 179 160

Known results. We briefly mention some known spectral sets, denoted by SpS(.):

Let L(ny,...,nq) denote the d-dimensional ny X - -+ x ng-array. Then

d .
SpS(L(ny,. .., nq)) = {QZcos(nZil) ‘ 1< j; <mforie {1,...,d}}
i=1 v

In the following, L,, := L(n) denotes the linear array of length n.

Let ©(nq,...,nq) denote the d-dimensional nq X - - - X ng-torus. Then

d .
2 .

SpS(@(nl,...,nd)):{QE cos(%) ‘Ogjigm—lforie{l,...,d}} .
i=1 '

As the adjacency matrices of tori are block-circulant there is a comparatively simple way
to compute their spectra (see Proposition 1 in Subsec. 2.2). In the following, C,, := ©(n)
denotes the cycle of length n.

Interestingly, the spectral sets of other popular networks can be expressed in terms of linear
arrays L,, and cycles C, (in the following, a - M}, denotes the product of the adjacency
matrix M}, and the scalar a). For the d-dimensional Butterfly network BF(d) (for proofs,
see [Sch01, EKMO03]),
d+1
SpS(BF(d)) = | J SpS(2Ly) -

k=0

16



Similarly, for the Butterfly network with wrap-around edges [Sch01, EKM03, CFGMO03],
SpS(W-BF(d)) = SpS(2C4) U J_, SpS(2Ly). Let DB(D, d) denote the D-ary d-di-
mensional DeBruijn graph. Then (for a proof, see [DT98]),
d
SpS(DB(D, d)) = SpS(D - C1) U | J SpS(D - L) .

T=1

Organization of paper. The paper is organized as follows: In the next section, we define
the networks to be investigated, give the necessary definitions regarding graph spectra, and
state important properties. In Sections 3 and 4, we exactly characterize the spectra of the
Cube-Connected Cycles network and the Shuffle-Exchange network. In Sec. 5, we prove
that, if d is odd, the sets of eigenvalues are identical, whereas, if d is even, the set of
eigenvalues of SE(d) is a proper subset of the set of eigenvalues of CCC(d). That there
is no simple correspondence between the eigenvalues of CCC(d) and SE(d is exemplified
in Sec. 6.

2 Preliminaries

In this section, we introduce the Cube-Connected Cycles network and the Shuffle-Exchange
network. We present some of their properties, present tools for computing their eigenval-
ues, and introduce some necessary notations.

2.1 CCC(d), SE(d), and Their Properties

The d-dimensional Cube-Connected Cycles network CCC(d) has been introduced by
Preparata and Vuillemin in [PV81]. It is the undirected graph with vertex set V = {(j,a) |
1<j<d,ac{0,1}?} and edge set E = {{(j,a), (j modd+ 1,a)} |1 <j<d,a€
{0,139y U {{(G,a),G,ali])} | 1 < j < d,a = (aq,-..,a5,...,a1) € {0,1}%,a]j] =
(ady...,1—aj,...,a1)}. CCC(d) has d - 2 vertices and is 3-regular.

The d-dimensional Shuffle-Exchange network SE(d) has been introduced by Stone [Sto71].
It is the undirected graph with vertex set V = {0,1}% and edge set £ = {{a,a[1]} | a €
{0,1}9} U {{a,cyc(a)} | a € {0,1}% cyc(aq,-..,as,a1) = (ai,aq,...,as)}. The
edges of the first subset are called exchange edges, the edges of the second subset are
called shuffle edges. Here, we also consider multiple shuffle edges such that SE(d) is also
3-regular.

CCC(3) and SE(3) are shown in Fig. 1 and 2, resp. Note the self-loops at vertices 000
and 111 of SE(3) that ensure SE(d) being 3-regular.

Note that for d being even, CCC(d) is bipartite [LPST98]. The cycles of CCC(d) are
characterized directly by the corresponding sequence a.

Cycles in SE(d) are more complex to describe. Let S be a set of integers. Let a =
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(ag,...,a1) € S*. aisan aperiodic S-sequence if thereisno¢ > 1 and b witha = b, ais
a Lyndon S-sequence [CFL58] if it is an aperiodic S-sequence and the lexicographically
smallest under all sequences obtained by cyclically shifting a.

The shuffle edges of SE(d) form disjoint shuffle cycles. Every cycle is uniquely charac-
terized by a Lyndon {0, 1}-sequence. In this paper, using the correspondence 0 +— +1
and 1 — —1, we shall say that every shuffle cycle is characterized by a different Lyndon
{—1,+1}-sequence and that every possible Lyndon {—1, +1}-sequence of length k with
k being a divisor of d characterizes a different shuffle cycle.

2.2 Eigenvalues, Spectral Sets, and Computation Tools

Let A be the adjacency matrix of an undirected graph G = (V| E) (with multiple edges
allowed; the entry a;; is the number of edges between nodes 7 and j). In the rest of this
paper, we identify G and A. Let n = |V| denote the number of vertices, and let I,
denote the n X n unit matrix. Then the polynomial x(A;z) = det(z - I,, — A) is the
characteristic polynomial of G, and the set SpS(G) = {\ | x(A4; ) = 0} is the spectral
set of roots of x(A;z). Such aroot is called eigenvalue. In this paper, we do not consider
the multiplicities of the eigenvalues.

Let A and B be two matrices. The Kronecker product A ® B is the matrix one obtains
from A by replacing entry a;; by a;; - B.

A (¢ -p) X (q - p) matrix B is called (p, q)-block circulant iff there are p x p matrices
By, ..., By such that

-Bl _B2 . <Bq
‘Bq ‘Bl . ‘qul

B = . . . . :Z<Bly82f--7f%>
‘Bz ‘B3 . ‘Bl

If p = 1, B is called circulant. Block circulant matrices are well studied (e. g., see [Dav79]).
In particular, there is a nice way to determine x(B;z) and to compute SpS(B). Let

wy = e2™/4 = cos(2m/q) + i - sin(27/q) be a primitive g-th root of unity. Let B(x) =

DO x*~1. By.. The following proposition on the characteristic polynomial and the spec-

tral set of block circulant matrices is very useful for the computation of the spectral sets of
neatly constructed graphs.

Proposition 1 ([Dav79]) Let B = (B, ..., By) be a (p, q)-block circulant matrix. Then

q—1 q—1 q
X(B;2) = [[ x(B(w)); 2) = Hx(ng'<’H> 'Bk§z) :
j=0 j=0 k=1

For the spectral set, this means

1
SpS(B) = qU Sps(zwg'<k—1> : Bk) :
J

=0 k=1
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E.g., as the n-cycle C,, is (1, n)-block circulant with C,, = (0,1,0...,0,1), SpS(C,,) =

{wi + w7 1 0<j<n—1} = {2cos(2mj/n) | 0 < j < n — 1}. Similarly,

the spectra of d-dimensional tori can be computed in this way resulting in the spectral set
mentioned in Sec. 1.

Proposition 1 can be used directly to prove the following useful observation.

Proposition 2 Let G and X be p x p square matrices. For the (p, 2)-block circulant matrix
(G, X), we have x((G, X);2) = x(G+ X; 2) - x(G — X; 2).

Proposition 3 Let B = (B, ..., By) be a real (p, q)-block circulant matrix with
By—jy1 = B}, 1< j < q. Then the following holds.
(a) B(wy7) = B(wh)T, B(w}) is self-adjoint, 1 < j < q.
(b) x(B(wg7);2) = x(B(w))"; 2).
(c) If q is odd, then there is a polynomial g(z) such that x(B; z) = x(B(1); 2) - g(z)?
(d) If q is even, then there is a polynomial g(z) such that

X(B;z) = x(B(1);2) - x(B(—1); 2) - g(2)*

(e) By (c)and (d), all eigenvalues of B that do not come from B(1) and B(—1) occur
in pairs and belong to two-dimensional eigenspaces.

For the proof of Proposition 3, (a) and (b) can be shown directly, and for (c) and (d), use
Proposition 1, (b) and that w7 = w7, for all j.

The following well known facts will be essential for the proof that the spectral sets of
CCC(d) and SE(d) are different if d is even.

Proposition 4 Let G be a connected graph with maximal degree A.
(a) [Bol98, p.263] G is regular iff A € SpS(G).
(b) [Bol98, p.263] If —A € SpS(G), then G is regular and bipartite.
(¢) [BKO5, p.379] G is bipartite iff for all A € SpS(G), also —X € SpS(G).

2.3 Further Notation

For a sequence s = (sg,...,81) € ZF, and k < n,let D, s] be the n x n-diagonal matrix
with s1,...,8k,0,...,0 in the main diagonal. In particular, [,, = D,,[1"] is the identity
matrix.

C, = (0,1,0,...,0,1) denotes the circulant adjacency matrix of the cycle of length n.
For a sequence s = (sg,...,51) € ZF, and k < n, Cy[s] = Cy, + D,[s]. For reasons of
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consistency, we need a special definition for the cases n = 1 and n = 2: Cy[s] = (2 + s)
and Cy[sg, s1] = <321 2).

52

L, = (l;;) denotes the n x n-adjacency matrix of the linear array of length n. It is
identical to C,, except for the entries l;,, = l,,; = 0 (instead of being 1). L, s] is defined
analogously to C),[s].

3 The Spectral Set of CCC(d)

In order to compute the spectral set of CCC(d), we generalize the notion of cube-connect-
edness.

Let d be a non-negative integer, and let G be a graph with n, n > d, nodes, numbered
from 1 through n. The d-dimensional Cube-Connected G-network is the graph CC(G, d)
with vertex set {1,...,n} x {0,1}%. Two nodes (i,a) and (j,a) are adjacent iff 7 and j
are adjacent in G. Furthermore, two nodes (i,a) and (i, b) are adjacent iff a and b differ
exactly at the ith bit. So, CC(G, d) consists of 2¢ copies of G that are interconnected in a
hypercubic way. Using the length-d cycle Cy as G, we have with CC(Cy, d) the famous
Cube-Connected Cycles network.

Lets = (sg,...,51) € {—1,+1}%. The graph G[s] is obtained from G by adding a
self-loop with weight s; to node i, forall i € {1, ..., d}.
Theorem 1 Let G be a graph with n, n > d, nodes. Then

X(CC(G,d)iz)= ] x(Glshz) .
se{—1,+1}4

Proof. Let R,, 4 be the n X n matrix with all entries being 0 except for 44 which is 1, and
let X4—1 = Iya-1 ® Ry, 4. Then the adjacency matrix of CC(G, d) can be expressed as
follows:

Xgo1 CC(G,d—1)

By Proposition 2, this means that the characteristic polynomial of the whole graph can be
expressed as follows:

aC(G, d) = (CC(G,d— ) Xao )

X(CC(G,d); z) = x(CC(G,d — 1)+ Xy4_1;2) - x(CC(G,d — 1) — X4-1; 2)
= x(CC(G01,1),d = 1);2) - x(CC(G0", 1], d = 1);2) (1)
= I x@Gs1s2)- [ SpS(Gls,—1];2) 2

se{—1,+1}d-1 se{—1,+1}d-1
For (1), note that CC(G,d — 1) & X4_1 is a copy of CC(G, d — 1) where all nodes (d, a)
get a self-loop added with weight —1, +1. (2) follows by induction. O (Theorem 1)

By choosing G being the d-cycle C, we obtain:
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Corollary 1 For CCC(d),

x(cccwyiz) = [ x(Calshi2)
se{—1,+1}4

spS(CCCd) = |J  SpS(Cubs)) -
se{—1,+1}¢4

Hence, the spectral set of CCC(d) is exactly the union of the spectral sets of all d-cycles
where the nodes of the cycles are weighted with all possible {—1, +1}-sequences.

The application of Eq. (1) from the proof of Theorem 1 can be interpreted as editing the
original graph. The resulting graph has exactly the same spectrum as the original graph.
Fig.1 shows the corresponding graphs for d = 3,2, 1, when CCC(3) is edited. In the end,
the are the 3-cycles with weighted self-loops. In the light of the editing, we call them
residual cycles.

-1
1 +1
Z +1 ;
-1 -1
-1
+1 @ : +1 W

Figure 1: Editing the Cube-Connected Cycles network CCC(3).

Similarly, the spectrum of the Cube-Connected Lines network [Par86] can be characterized
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in terms of linear arrays Lg .

4 The Spectral Set of SE(d)

In order to obtain the adjacency matrix of SE(d), we describe the shuffle edges and the
exchange edges separately, i.e., SE(d) = Sh(d) + Ex(d).

Lemmal (a) LetU(d) = (é) ® Ipa—1 ® (1 O) + (?) ® Ipa—1 ® (0 1) .

Then, Sh(d) = U(d) + U(d)™.
(b) Ex(d) = Ipa—1 ® <(1) é)

In order to prove Lemma 1, it suffices to identify the binary address a of a node with the
number (a)s + 1.

) 1 1 ®d od —_— )
Let Hy = 57 - 1 1 , where A®® denotes A ® ---® A. Hy is the well-known

Hadamard matrix. Note that H d_l = H,.
Lemma2 (a) H;' Sh(d)- Hy = Sh(d)

_ 1 0
(b) Hy' - Ex(d) - Hqg = Iya1 ® (o _1>.

For the proof, (b) can be shown easily by induction on d.

In order to show (a), a simple, but tedious computation shows that H; commutes with both
U(d) and U(d)", hence with Sh(d).

Theorem 2 For the Shuffle-Exchange network SE(d),

XSE@);2) =[] 11 x(Cypla; )

b ac{-1,+1}7,
pdivisorofd_, Lyndon {—1, +1}-sequence

Proof. We have x(SE(d); z) = x(H; ' - SE(d) - Ha; 2). By Lemma 2,
10
X(SE(d); z) = x(Sh(d) + Ia-1 ® (0 _1> . 2)

So the shuffle cycles are left unchanged, the exchange edges disappear, and all nodes
get an additional —1, +1-self-loop, according to their binary addresses. Every shuffle
cycle is characterized by Lyndon {0, 1}-sequences. Now the weights of the vertices of the
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shuffle cycles are characterized by the respective Lyndon {—1, +1}-sequence, where 0s
are replaced with +1 and 1s with —1.

Recall the special definition of C [a] and Cs[a, b]. O (Theorem 2)

As the computation of H d_l -SE(d)- H,4 does not change the characteristic polynomial, this
computation can again be regarded as editing the original graph. This time, the exchange
edges are removed and their nodes receive an additional self-loop with weights —1, +-1.
The result of editing SE(3) is shown in Fig. 2 Again, we call the obtained cycles residual

cycles.
+1 -1
+1 _ 1 tl
= .+1 1 +1 1.
+1 N 7+l
3 1
+1 -1

Figure 2: Result of editing the Shuffle Exchange network SE(3).

5 Spectral Relation between CCC and SE

The following Theorem shows the (surprisingly close) relation between the spectral set of
CCC(d) and SE(d):

Theorem 3 The spectral sets of the d-dimensional Cube-Connected Cycles network and
the Shuffle-Exchange network are equal if and only if d is odd. Otherwise, the spectral
set of the Shuffle-Exchange network is a proper subset of the spectral set of the Cube-
Connected Cycles network.

More formally, the following properties hold:

1. SpS(SE(d)) € SpS(CCC(d))

2. dodd: SpS(SE(d)) = SpS(CCC(d))

3. deven: SpS(SE(d)) C SpS(CCC(d)), since —3 € SpS(CCC(d)) \ SpS(SE(d))

The rest of this section is devoted to the proof of Theorem 3. We start with the first case:
Proof of Theorem 3, part 1:

Take any factor x(C)p[a]; z) from x(SE(d); z), according to Theorem 2. There are two
cases to be distinguished: If p = d, then x(C)[a]; z) = x(Cqy[a]; z). Thus, by Corollary 1,
x(Cpla]; 2) is a factor of x(CCC(d); z). Consider now the case, that p < d. Letd =
p - ¢ and let ;; be the Kronecker delta, i.e., §;; = 1if i = j, and §;; = 0if ¢ # j.
Using the block circulant structure of Cy[a?], it can be seen that x(Cp[a]; z) is a factor of
x(Cala?]; 2):
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Cqla?] = (Ap, Ai, ..., Ag—1) is a block circulant matrix with Ay = L,|a],
Ay = [64p0y1)1<0y<p> Ag—1 = A] and Ay = -+ = A,_5 = (0), such that Propositions
2 and 3 are satisfied. One can see that x(Cp[a; 2]) is a factor of x(Cgq[a?]; z) by noting

from Proposition 1 that
q—1

x(Cqlal]; 2) = H X (Ao + wéAl + w;qu,l; z) ,
7=0
hence x(Cpla; z]) = x(Ao + wi) - A1 +w) Ay_1; 2) is also a factor of x(CCC(d); z). O
Proof of Theorem 3, part 2:

We already know that for all d, SpS(SE(d)) C SpS(CCC(d)). Thus, for odd d, it re-
mains to be shown that SpS(SE(d)) 2 SpS(CCC(d)). Take any factor x(Cy[b]; z) from
X(CCC(d); z), there are again two cases:

If b € {—1,+1}% is aperiodic, then x(Cjy[b]; 2) is a factor of y(SE(d); z), since b is
already minimal with respect to periodicity, as presented in Theorem 2. If b € {1, +1}¢
is periodic, then b = a? for some aperiodic a € {—1,+1}? with d = p - q. Using
Proposition 3, we know that x(Cy[b]; 2) = x(Cqla]; 2)-g(z)?. Note that the corresponding
eigenspace of the double eigenvalues that result from g(z)? is two-dimensional.

A sequence b’ € {—1, +1}4 that differs from b in one single (arbitrary) position — w.1.0.g.
in the first position — is always aperiodic, thus x(C4(b); z) is a factor of x(SE(d); z). We
show that the characteristic polynomial factors as

X(Calb'];2) = g(2) - h(2) .
which proves this part of the Theorem:

Take any of the two-dimensional eigenspaces of C[b] belonging to some root A of g(z).
The vectors which have 0 in their first component form a one-dimensional (at least) sub-
space of eigenvectors of Cy[b’] for the same eigenvalue ), thus all these eigenvalues \ are
preserved in x(Cy[b']; z) with multiplicity of at least 1. O

Note that because of Proposition 3(b) and (c) the above eigenspace argument only holds if
d is odd. A counterexample for d = 6 is presented in Sec. 6.

Proof of Theorem 3, part 3:

Let d be even. CCC(d) is 3-regular and bipartite [LPS198]. So by Proposition 4, —3 €
SpS(CCC(d)).

If d is not a power of 2, then SE(d) contains cycles of odd length. Hence, SE(d) is not
bipartite, so by Proposition 4, —3 & SpS(SE(d)). Even if d is a power of 2, then SE(d)

at least contains self-loops at the nodes 0% and 1%, so here SE(d) is not bipartite, which
means that —3 ¢ SpS(SE(d)). O

Recall that —3 is not the only eigenvalue of CCC(d), d even and d € {6,10,12,14...},
not occurring in the spectral set of SE(d) (see the remark on the number of different
eigenvalues in Sec. 1 and specifically the example in the next section).
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6 An Instructive Example on the Eigenvalues of CCC(6)

Here we demonstrate by an example that there might be no simple correspondence between
the eigenvalues of CCC(d) and SE(d), and that the eigenspace argument used in the proof
of Theorem 3 might be necessary.

Corollary 1 and Theorem 2 state that the spectra of CCC(d) and SE(d) consist of the
spectra of cycles where the vertices have self-loops with weights from {—1,+1}. As
SE(d) consists of cycles of different sizes, there is no direct correspondence between the
CCC-eigenvalues and the SE-eigenvalues.

For example, consider the case d = 6, and edit CCC(6) and SE(6) in order to get the
residual cycles with self-loops from {—1, +1}.

For CCC(6), the residual cycle Cs[—1,+1,—1,+1,—1,41] which corresponds to the
periodic binary sequence 010101 = (01)? has the characteristic polynomial (2% —2)? (22—

5).

For SE(6), the residual cycle C2[—1, +1] which corresponds to the non-periodic binary
sequence 01 has the characteristic polynomial 22 — 5. So it is at this moment not yet clear
whether the roots ++/2 of 22 — 2 originating, among others, from the CCC-cycle 010101
are eigenvalues of SE(6). In this case, they are because the characteristic polynomial of
Cs[—1,+1,—1,+1,+1,+1,+1,] which corresponds to the non-periodic binary sequence
000101 is (22 — 2)(2* — 223 — 522 + 82 + 2).

On the other hand, for CCC(6), the residual cycle Cs[—1,—1,+1,—1, —1,+1] which
corresponds to the binary sequence 011011 has the characteristic polynomial z(z —2)(z +
1)(2+2)(22+2—4). The factor 22 + z — 4 does not occur in any characteristic polynomial
of the residual cycles of SE(6), so its roots —% = 1+/17 are not eigenvalues of SE(6), but
only of CCC(6).

7 Conclusion

In this paper, we completely characterized the spectral sets of CCC(d) and SE(d) (The-
orems 1 and 2, resp.). In order to compute the eigenvalues, we used a “graph editing”
technique that illustrates the computation process.

Curiously, it turns out (Theorem 3) that the eigenvalue sets are identical if d is odd. If
d is even, the set of eigenvalues of SE(d) is a proper subset of the set of eigenvalues
of CCC(d). In order to show this result, we had to use the corresponding eigenspaces
because there is no simple correspondence between the cycles of the residual graphs.
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